The beta elementsˇt p 2 =r in the homotopy of spheres KATSUMI SHIMOMURA In [1], Miller, Ravenel and Wilson defined generalized beta elements in the E 2 -term of the Adams-Novikov spectral sequence converging to the stable homotopy groups of spheres, and in [4] , Oka showed that the beta elements of the formˇt p 2 =r for positive integers t and r survive to the homotopy of spheres at a prime p > 3, when r Ä 2p 2 and r Ä 2p if t > 1. In this paper, for p > 5, we expand the condition so thatˇt p 2 =r for t 1 and r Ä p 2 2 survives to the stable homotopy groups.
Introduction
Let BP be the Brown-Peterson spectrum at a prime p , and consider the AdamsNovikov spectral sequence converging to homotopy groups .X / of a spectrum X with E 2 -term E for v i 2 BP 2p i 2 and t i 2 BP 2p i 2 .BP/. In [1] , Miller, Ravenel and Wilson defined generalized Greek letter elements in the E 2 -term of the Adams-Novikov spectral sequence converging to the homotopy groups .S 0 / of the sphere spectrum S 0 at each prime p . For the beta elements, we consider the mod p Moore spectrum M and finite spectra V a for a > 0 defined by the cofiber sequences
where p 2 0 .S 0 / D Z .p/ ,˛2 OEM; M q is the Adams map, and q D 2p 2:
Since the maps j and j a induce trivial homomorphisms on the BP -homologies, these cofiber sequences yield short exact sequences The beta elements of the E 2 -terms are now defined by
.spCs aCb/q 2 .M /;
.V a /, where ı and ı a are the connecting homomorphisms associated to the short exact sequences (1.2). We abbreviate x s=1 to x s as usual. Now assume that the prime p is greater than three. Then L Smith [7] showed that every x s for s > 0 survives to a homotopy elementˇs 2 .spCs 1/q 2 .S 0 /, and S Oka showed the following beta elements survive: for t > 1 and r Ä 2p in [4] .
Letting W denote the cofiber of the beta elementˇ1 2 pq 2 .S 0 /, we have a cofiber sequence
Then E .W^V a /. If the element v s 2 survives to .W^V a /, then x st =r for t > 0 and 0 < r < a 1 survives to .S 0 /.
In this paper, we show the following theorem: Theorem 1.7 Let p be a prime greater than five. Then the element v
We work at a prime p greater than three throughout the paper except for Lemma 3.8, which requires us to exclude the case p D 5. Corollary 1.8 Let p be a prime greater than five. Then the beta elements x tp 2 =r 2 E 2;.tp 2 .pC1/ r /q 2 .S 0 / for t > 0 and 0 < r < p 2 1 are permanent cycles. 
in which each triangle is a cofiber sequence with inclusion Ã k or Ã 0 k . Hereafter, we abbreviate X 1 to X . Since k and 0 k induce the zero homomorphisms on BP -homologies, applying the Adams-Novikov E 2 -terms E M . / D E 2 . ^M / to the diagram gives rise to an exact couple .D
which defines the small descent spectral sequence (see [5, 7.1.13] with k D 1):
are represented by the cocycles t
respectively, of the cobar complex .X / D 0;
and an epimorphism if
Proof This follows immediately from the exact sequences
For a non-negative integer s , we consider the integer .s/ defined by
where ".s/ and .s/ are the integers given by
Lemma 2.10 E
Proof By an iterate use of the small descent spectral sequences (2.3) for k , we see that E 
(2) q j t and t < . .s 1/ C 1/q .
Proof The cofiber sequence (1.5) induces the short exact sequence [5, 4.3.21] Here, E and P denote an exterior and a polynomial algebras over Z=p , 
respectively, in the cobar complex C 2 for computing E 2 .T .1//. 
For each integer s and t , we consider the set .3:6/ S.s; t/ D˚.s; t/; .s 1; t pq/; .s 1; t C .p 2/q/; .s 2; t 2q/ «
Proof Consider the diagram (2.2) for k D 1 smashing with M . Then for any element
by Lemma 2.13, there is an element
In the same manner, we have an element x 3 2 E a 2;bC.p 2/q M such that
It follows that v 2p 2 1
We now consider the integer
Proof By use of the small descent spectral sequences (2.3) for k 2, we see that our E 
Corollary 3.4 implies that the module A s;t is generated by elements of the form v 
which is congruent to j Ck modulo .p C1/ and i Cj Cl modulo .p/. Since s q 1 and s D kCl CmC2n, we see that n p 3. Then a .p 2 CpC1/j Cp 3 2p 2 3p > u C p 1 if j 3. It follows that j C k Ä 3, and the first two cases in the above table are excluded if p > 5. The last case is also excluded. Indeed, in this case, j D 2 and k D 1, which shows a 3p 2 C 2p C 2 C p 3 2p 2 3p > u 1.
In the third case, j C k D 2, and i Proof Let x be an element that detects . Then by Corollary 3.7 with Lemma 3.8, we see that v from which we obtain part (a).
Part (b) is the Spanier-Whitehead dual of (c). It follows that a 1 D 1 by Lemma 4.4 (c).
